Using the quasiclassical concept of Berry curvature we demonstrate that a Dirac exciton-a pair of Dirac quasiparticles bound by Coulomb interactions-inevitably possesses an intrinsic angular momentum making the exciton effectively self-rotating. The model is applied to excitons in twodimensional transition metal dichalcogenides, in which the charge carriers are known to be described by a Dirac-like Hamiltonian. We show that the topological self-rotation strongly modifies the exciton spectrum and, as a consequence, resolves the puzzle of the overestimated two-dimensional polarizability employed to fit earlier spectroscopic measurements.
Introduction.-An exciton is a bound electron-hole (e-h) pair optically excited in semiconductors. In most semiconductors, the electrons and holes behave like conventional Schrödinger quasiparticles and the corresponding exciton energy spectrum represents a hydrogenlike Rydberg series [1] . In contrast, the electrons and holes in two-dimensional (2D) transition-metal dichalcogenides (TMDs) mimic massive Dirac quasiparticles [2] resulting in an intrinsic quantum mechanical entanglement between conduction and valence band states as well as in a finite Berry curvature entering the quasiclassical equation of motion [3] [4] [5] [6] . Moreover, the nonlocal screening of the Coulomb interactions in thin dielectric layers [7] suggests deviations from the conventional 1/r behavior at small e-h distances r ∼ r 0 , where r 0 = 2πχ is determined by the 2D polarizability χ [8] . Here, we show that both ingredients -the Berry curvature and the nonlocal screening -are crucial for a realistic exciton model aimed to describe the exciton energy spectrum in 2DTMDs. In what follows we employ a quasiclassical approach where the Berry curvature [3] and the 2D Keldysh potential [8] are taken into account on equal footing while quantizing the e-h relative motion. We utilize the model to fit the spectroscopic measurements for WS 2 [9] and WSe 2 [10] , see Fig. 1 , employing the only fitting parameter r 0 . The resulting r 0 ∼ 4 nm agrees with the ab initio prediction [11] . If the Berry curvature were neglected, r 0 has to be taken twice as large to fit the same spectra. This discrepancy has been pointed out by Chernikov et al. in Ref. [9] , where r 0 ∼ 8 nm has been employed. Our model is able to explain why the polarizability required to fit the measurements [9, 10] is in fact twice smaller (χ ∼ 0.7 nm), in accordance with ab initio predictions [11] . The reason is that the Berry curvature results in a centrifugal-like term in the effective quasiclassical Hamiltonian, hence, reducing the quasiclassical phase space available for the relative e-h motion as if there were an additional angular momentum even for sstates, see Fig. 2 . In this sense, the excitons turn out to be self-rotating. The reduced phase space makes the energy level spacing smaller, similar to what the nonlo- [9] and [10] for WS2 and WSe2, respectively. The theoretical spectra have been calculated quasiclassically from Eq. (15) taking into account nonlocal screening and self-rotation. Our theory employs reduced exciton masses µ = 0.16m0 for WS2 and µ = 0.17m0 for WSe2 (here, m0 is the free electron mass) computed ab initio in Ref. [11] . We assume that the screening is due to the polarizability of the 2D layer χ = r0/(2π) with r0 being the only fitting parameter. In contrast to the conventional model [9] strongly overestimating r0, we found that r0 = 4.65 nm for WS2 and r0 = 3.84 nm for WSe2, in agreement with the ab initio calculations [11] suggesting r0 ∼ 4 nm in such materials. Dotted lines show the first excited states (2s states) within the standard hydrogenic model (6) to emphasize the qualitative difference with our findings.
cal screening (i.e., the Keldysh potential) does. In what follows we consider the model in detail.
Approach.-The two-body problem for Dirac particles is not trivial [12] [13] [14] [15] [16] [17] [18] because of the intrinsic coupling between conduction and valence band states making the electron and hole states entangled even without Coulomb interactions. We employ an effective exciton Hamiltonian that accounts for this coupling and has several advantages over that proposed in Ref. [19] ; see the Supplemental Material [20] for details. The Hamiltonian can be written as H = H 0 + V (r), where V (r) is the e-h interaction in relative coordinates, and H 0 is given by
Here, ∆ is the band gap, µ is the exciton reduced mass, and tan (θ) = k y /k x . The spectrum of H 0 has two branches: a single parabolic branch
describing excitonic states and, in contrast to Ref. [19] , a dispersionless band E 0 = 0 being the vacuum state from which the excitons are initially excited. The corresponding eigenstates of H 0 can be written as u k = (cos
T , where tan
In order to make the model analytically tractable even for arbitrary V (r) we rewrite H in the quasiclassical form [3] 
where Ω is the exciton Berry curvature [21, 22] . The latter can be computed as [23] (2) is general, the precise form of the quantum Hamiltonian (1) yields the particular Berry curvature Ω z =h 2 ∆/(µE 2 k ) ≃h 2 /(µ∆) that is twice the one-particle Berry curvature [2, 23, 24] , in agreement with Ref. [3] . The two-particle Berry curvature introduced here is a quantity describing the topology of an e-h pair, not of an electron and a hole separately. Since the potential V (r) is circularly symmetric we employ cylindrical coordinates. To first order in ∂ r V , the total quasiclassical energy then reads
where m = 0, ±1, ±2, ... is the magnetic quantum number, and
One notices that the last term is due to the Berry curvature that couples the quantum number m and lifts the m ↔ −m degeneracy as pointed out in Refs. [3, 4] . The 1/2 offset is furthermore due to the Darwin-like term Ω∇ 2 V /4 in Eq. (2), and one obtains the hydrogen model in the large-gap limit with ∆ → ∞. Solving Eq. (3) with respect to the radial wave vector k r , we then employ the Bohr-Sommerfeld quantization rule that in our case results in
where n = 0, 1, 2, ... is the radial quantum number and r 1,2 are the quasiclassical turning points. Note that there are in general six solutions for k r but only one is real and positive. As we need only s-states to compare with experiments, we set m = 0 everywhere from now on and 
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where r 1 = 0, as there is no tangential momentum, see Fig. 2 (a), and r 2 = e 2 /ǫ(∆ − E tot ). This results in the spectrum
where n = 0, 1, 2, ... is the radial quantum number. In order order to fit the binding energy for WS 2 (0.32 eV [9] ) we have to take rather unrealistic effective dielectric constant ǫ = 5.2. Moreover, the level spacing remains heavily overestimated, see Fig. 1 and Fig. 2(a) . These observations all together indicate that the standard exciton model is not suitable for 2DTMDs. Coulomb-Berry model.-Here, we retain the Berry curvature in Eq. (3), which for the Coulomb interaction reads
E tot contains now a centrifugal-like term that makes the phase space near r = 0 classically unavailable similar to what the conventional centrifugal term would do once m = 0. This is the most important intrinsic property of a self-rotating exciton that we believe to be crucial for a realistic model. Indeed, a real positive solution of Eq. (7) with respect to ∆ +h 2 k 2 r 2µ (and, hence, with respect to k r ) is only possible when
As consequence, the e-h distance r cannot be smaller than r 1 , where
Since r 1 must be positive we find that the effective Bohr radius r B = ǫh 2 /(µe 2 ) must be larger than the effective Compton length λ C =h/ √ µ∆. (The exact condition reads: r B > λ C 16/27.) The Compton length λ C has a similar meaning here as in high-energy physics: It constitutes the cutoff below which spontaneous particle creation and annihilation processes become important and the concept of an exciton as a two-particle system is no longer valid. From the band theory point of view, this corresponds to the critical regime when the exciton binding energy approaches the size of the band gap. The realistic parameters we employ in Fig. 1 and Table I suggest that both λ C and r B are a few angstrom that makes our excitons strongly nonhydrogenic even if the interaction is Coulomb-like.
Note that the Berry curvature is hidden not only in the integrand of Eq. (4) but in its limits as well. On the one hand, this makes an explicit solution rather cumbersome but possible. Indeed, Eq. (7) can be solved explicitly with respect to k r with the relevant branch given by
and a = E tot + e 2 /(ǫr), b = (e 2h2 ∆)/(4ǫµr 3 ). The lower limit is given by Eq. (9), whereas the upper limit can be |En − ∆|, eV n = 0 n = 1 n = 2 n = 3 n = 4 WS2 (self-rot.) 0.320 0.080 0.035 (5) approximately taken equal to r 2 given below Eq. (5). The latter is possible because the Berry term (being proportional to 1/r 3 ) decreases much faster than the Coulomb potential at r → ∞. On the other hand, the topological centrifugal effect occurs due to the pseudospin -the quantity associated with the 2 × 2 matrix structure of the effective Hamiltonian (1). Similar to the real spin the pseudospin can be seen as an internal angular momentum of our exciton. The explicit diagonalization of our initial Hamiltonian H has been performed in Ref. [25] within the shallow bound state approximation resulting in the s-states spectrum given by
where j = 1/2 is the pseudospin quantum number. In Table I we compare the exciton energy spectra calculated from Eqs. (10) and (4) and find very good agreement for all excited states. The models do not agree on the ground state energy because of at least two reasons: (i) the quasiclassical approximation is unreliable at low energies, (ii) the shallow bound state condition (∆ − E n )/∆ ≪ 1 may not be satisfied for n = 0. The latter may indeed take place for WSe 2 where the band gap ∆ = 2.02 eV [10] is somewhat smaller than in WS 2 (∆ = 2.41 eV [9] ) hence resulting in a stronger discrepancy between the quasiclassical and quantum models. Figure 2 (b) shows how the Berry curvature reshapes the quasiclassically available phase space for the ground and lowest excited states. As compared to Fig. 2(a) , the ratio between the two substantially decreases, hence, reducing the relative level spacing. If we again try to fit the binding energy for WS 2 by tuning the dielectric constant, we obtain the very reasonable number ǫ = 2.52 close to what one expects for graphene on SiO 2 substrate (ǫ SiO2 ∼ 4) with the upper surface exposed to air (ǫ Air ∼ 1) resulting in ǫ ∼ 2.5. However, the level spacing is not reduced strong enough to describe the exciton spectra on a quantitative level. To improve the predictive power of our approach we change the screening model. Keldysh-Berry model.-Until now we have assumed that the dielectric function is local in real space, i.e., q independent in reciprocal space. This is not true for 2D semiconducting systems, where the dielectric function is given by ǫ q = 1 + 2πχq [8, 26, 27] . The real-space e-h interaction potential is known as the Keldysh potential [7] given by
where H 0 is the Struve function, Y 0 is the Bessel function of the 2nd kind, and r 0 is the screening radius being the only fitting parameter. The Berry term in Eq. (3) contains now ∂ r V given by
Because of the complexity of the r dependence in Eqs. (11), (12), it is no longer possible to obtain explicit expressions for r 1,2 in Eq. (4), but we can write the condition for the existence of real values of k r :
One can see that this condition cannot be satisfied near r = 0, which again confirms the quasiclassical inaccessibility of this region as if there were a nonzero tangential momentum. The available phase space can be qualitatively evaluated from Fig. 2(c) . The ratio between phase spaces available for the ground and 1st excited states is further reduced making the level spacing even smaller than in the Coulomb-Berry model. The absolute value of binding energy measured in Refs. [9, 10] is matched at r 0 of a few nm compatible with ab initio calculations [11] .
Self-rotating exciton model.-The Keldysh-Berry model while being realistic is too cumbersome for an express analysis of the experimental data. Aiming at a simplified model we employ the correspondence between the topological self-rotation and pseudospin angular momentum j = 1/2; see Table I . Generalizing this correspondence to any circularly symmetric potential, the quasiclassical energy for the excitonic s-states can be written as
where j = 1/2 is the the pseudospin angular momentum, and V (r) is given by Eq. (11). The third term then mimics the Berry-curvature contribution and offers a good fit in the relevant intermediate-coupling regime, when α = e 2 µ/∆/hǫ ∼ 1 (or λ C approaches r B ). However, it becomes less accurate when ∆ is drastically increased (α ≪ 1) and the Berry curvature vanishes as 1/∆. In the opposite limit of decreasing ∆ the self-rotating model becomes again inapplicable as soon as Eq. (13) cannot be satisfied for a certain r > 0. This means that the system experiences an abrupt transition to a state that is no longer excitonic and that we do not aim to characterize here. The fitting model (14) does not describe this transition but matches the relevant physics once the system is already in a self-rotating regime, see the Supplemental Material [20] for details.
The quantization condition with the effective j = 1/2 self-rotation reads
where r 1,2 are determined by imposing the zero condition on the integrand. The qualitative justification of this model follows from Fig. 2(d) : the quasiclassically available phase space appears to be very close to the one obtained within a somewhat more accurate approach depicted in Fig. 2(c) . The major merit of the j = 1/2 effective model is its transparency in describing the selfrotation and non-Coulomb potential on the equal footing. It can easily be employed to fit the exciton spectra in Dirac materials [28] once they will be measured in future. We use Eq. (15) to compute the energy for a given n; see Fig. 1 . The model perfectly fits the exciton spectrum measured in WS 2 employing r 0 ∼ 4 nm, as predicted ab initio in [11] . The agreement is less good in the case of WSe 2 . This may be due to a certain incompatibility between the experimental data [9, 10] and ab initio predictions [11] : The exciton binding energy measured in WSe 2 turns out to be higher than in WS 2 , whereas the ab initio theory [11] predicts an opposite trend. Once the band gap ∆ = 2.02 eV (and, hence, the binding energy E b = 0.37 eV) is reduced by a few tens of meV the exciton spectrum can be fitted for WSe 2 as good as for WS 2 . However, we emphasize that our model fits the data anyway much better than the conventional exciton model without Berry curvature.
Conclusion.-The very fact that the exciton spectrum in 2DTMDs [9, 10, 29] does not resemble the conventional Rydberg series has been discussed in multiple papers recently [3, 4, 14-17, 27, 30-38] . The commonly-accepted explanation [9] in terms of the nonlocal screening of the bare Coulomb potential [8] fits well the exciton spectrum measured [9] as long as an unrealistically high 2D polarizability is assumed. To cure this inconsistency, contributions from the Berry curvature need to be considered. The Berry curvature provides a strong repulsion when r → 0 even for s-states with no angular momentum. We have shown that this repulsion can be accounted for in a model where the excitons in 2DTMDs are self-rotating in a way similar to the quasiparticles on the surface of a strong topological insulator [22] , thus opening further perspectives for excitonic engineering in van der Waals heterostructures [39] .
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is the reduced effective mass. This model, however, does not take into account the pseudospin degree of freedom that makes the electron and hole states entangled even without Coulomb interaction. The correct two-particle e-h Hamiltonian with vanishing interaction is given by the Kronecker sum H 4 = H e ⊗I 2 +I 2 ⊗H h with I 2 being the 2×2 unit matrix. Since the one-particle electron Hamiltonian H e already has an electron and a hole branch, one might not see the "need" to extend the dimension of our Hilbert space. However, this is a flaw since electron and hole branches are intimately related on the single-particle level in Dirac-like Hamiltonians such that they do not represent two different particles. That is why the two-body problem consists of a tensor product of two Dirac particles, each of which has its own electron and hole branch. Hence, we have [19] 
The Hamiltonian H 4 has four eigenvalues:
The physical meaning of the four states can be analyzed having two excited particles in play. The exciton state corresponds to an electron in the conduction band and a hole in the valence band. One of two zero-energy states corresponds to the exciton vacuum when all the holes are in the conduction band and all the electrons are in the valence band. The second zero-energy state corresponds to the inverse population (inverted vacuum) when all the electrons are in the conduction band and all the holes are in the valence band. Finally, the negative-dispersion branch corresponds to a single electron in the valence band and a single hole in the conduction band that is an exciton created in the inverted vacuum. Obviously, the latter two configurations are not relevant for our setting with the low-intensity optical excitations. Thus, we extract the excitonic part out of the Hamiltonian H 4 . This is done in two steps. First, we extract the relevant 2 × 2 block via an appropriate unitary transformation. This block contains the positive excitonic band plus a zero-energy flat band. While we are interested, from a purely spectral point of view, only in the positive branch, the coupling to the zero-energy band bears relevant information about the Berry-curvature contributions that we discuss in more detail in the following section. In a second step, we consider the 2 × 2 block up to second order in momentum. Its Dirac-type structure allows us to calculate directly the Berry curvature of the exciton branch. The consistency of its expression with that of a quasiclassical approach corroborates the validity of the effective quantum Hamiltonian obtained within our work. In detail, to transform H 4 into the block-diagonal form, we use the transformation matrix
where tan Θ =h vk M .
The transformed matrix H
where ε k is given by equation (A3). The upper left block 2×2 has two eigenvalues 0, +2 h 2 v 2 k 2 + M 2 describing excitonic quasiparticles we are interested in. The block is decoupled from the rest and can be seen as a reduced excitonic Hamiltonian:
(A7) Note that the dispersion 2 h 2 v 2 k 2 + M 2 once written in the effective mass approximation suggests correct reduced mass µ = M/(2v 2 ) = ∆/(4v 2 ). Once the Schrödinger terms are neglected and the missing momentum is compensated by the factor of 2 in the off-diagonal terms we obtain the reduced excitonic Hamiltonian given by
This form has been suggested by Rodin and Castro Neto in Ref. [19] but it has two major drawbacks:
• Its spectrum ± (2hvk) 2 + M 2 suggests the effective reduced mass M/4v 2 twice smaller than needed (M/2v
2 ). As a consequence, the excitonic Berry curvature would read Ω
, which is twice as large as the one obtained by Zhou et al. [3] .
• The lower dispersionless branch describing zeroenergy states is substituted by an "antiparticle" branch that contradicts to physical meaning of the vacuum state from which the excitons are excited.
To remedy the situation we must retain both Dirac and Schrödinger terms in equation (A7). At the same time, the Hamiltonian must be parametrized in such a way that the lower spectral branch always remains dispersionless. The dispersionless vacuum state is of utmost importance for optically excited excitons where electron and hole momenta are antiparallel and, hence, cancel each other once an exciton recombines. Any vacuum state with dispersion suggests some uncompensated momentum and violates momentum conservation for direct-gap optical excitons.
We aim for an exciton model in terms of the effective mass, so that we consider the case of small k and expand the energy of e-h relative motion up to the terms quadratic in k. If we keep quadratic terms in both lines of the matrix (A7), then we end up with the spectrum quartic in k. To avoid this inconvenience we expand each element of the matrix up to the lowest non-zero order as follows:
Then, we modify the Dirac part in order to compensate parasitic terms in the dispersionless branch arising due to the different approximations done in these two terms, and H 2 reads
Despite different approximations done in lower and upper lines of equation (A9) the Hamiltonian obtained satisfies all physical criteria we demand:
• H eff 2 results in two spectral branches, E 0 = 0 and
, where the latter suggests correct reduced mass, µ = M/2v
2 .
• The vacuum state remains dispersionless, as it is expected from the correct excitonic Hamiltonian (A7) and physical constrains explained above.
• The two spectral branches remain entangled, as it is again expected for Dirac excitons.
• The Hamiltonian contains the Schrödinger term that preserves the exciton from a collapse. Equation (A9) can be rewritten in terms of the reduced effective mass µ = M/2v 2 as 
i.e. it is twice the electronic Berry curvature Ω e (k = 0) = h 2 /m * ∆ derived form H e , see equation (A1). This agrees with the quasiclassical analysis of Ref. [3] , where the exciton Berry curvature was shown to be Ω exc (k = 0) = Ω e (k = 0) − Ω h (k = 0), in terms of the Berry curvature of the one-particle Dirac models (A1) and (A2), for the electron and the hole, respectively. Since in this case, one has Ω e (k) = −Ω h (k), one obtains Ω exc (k = 0) = 2Ω e (k = 0), in agreement with the Berry curvature obtained from our effective 2 × 2 Hamiltonian (A10).
